Abstract. In this note we investigate some properties of a-derivations on prime and semiprime rings. We establish some identities for a commuting a-derivation d on a semiprime ring R and show that d maps R into its center and obtain some well-known results as a consequence. We also generalize Posner's theorem on the composition of derivations for a-derivations and as an application resolve a functional equation of automorphisms on certain prime rings.
Introduction
Throughout, R denotes a ring with center Z(R). We write 
(xy) -xd(y) + d(x)(y) for all x,y € R. Let a G R. Then the mapping d : R -> R defined by d(x) = [o, x] is a derivation and it is called an inner derivation of R. In this case, we say that d is an inner derivation determined by a. A mapping / from R into itself is commuting if [/(x),x] -0; and centralizing if [f(x),x] E Z(R) for all x € R. Recall that if / is an additive commuting mapping from R into itself, then a linearization of [f(x),x] = 0 yields [f(x),y] = [x,f(y)\ for all x,y G R.
The study of centralizing and commuting maps was initiated by Posner [10] . Considerable work has been done on centralizing and commuting mappings (see, e.g., [2, 3, 8, 9] and references therein). Derivations are generalized as a-or skew-derivations. 
for all x, y G R. However, in this note we are mainly concerned with a-derivations. For more information on a-derivations and (a, /3)-derivations, we refer to [5, 7] .
Our purpose here is to explore further properties of a-derivations. [1] where further references can be found. We refer to Herstein [6] for the general theory of rings.
Results on a-derivations
We begin with an a-derivation analogue of a result of Posner [10, Lemma 1]. 
PROPOSITION 2.1. Let d be an a-derivation of a prime ring R and a an element of R such that ad(x)
= 0 (or d(x)a = 0) for all x G R. Then a = 0 or d = 0. Proof. ad(xy) = aa(x)d(y)+ad(x)y -0 for all x,y G R. Then aa(x)d(y) = 0.
R. Then [x, y]d(u) = d(u)[x,y] = 0 for all x,y,u€ R. In particular, d maps R into its center.
Proof. Let x,y £ R. Then
By (1), we get [x,a(y)]d(x) = 0 and since a is onto, we have
and using (2), we get We now come to some consequences of the above proposition. In case R is prime, Proposition 2.1 implies [x,y] = 0 or d = 0. Thus, we get the following corollary which generalizes Posner's result [10, Lemma 3] to the case of a-derivations and, in particular, a = 1 yields precisely the Posner's result.
COROLLARY 2.4. Let R be a prime ring, and d an a-derivation of R. Then R is commutative or d -0.
The following well-known result of Mayne [9] and Luh [8] follows as a consequence of Proposition 2.3. 
It is well-known that composition of two derivations of a ring is not necessarily a derivation. However, if 6 is an inner derivation of a ring R and d is a commuting derivation of R, then using the fact that [d(x),y] = [x, d(y)]
one can show that 8d is again a derivation of R. In case R is semiprime, an analogous result for a-derivations follows as an application of Proposition 2.3. Proof. Let x,y € R. Then
(.d6)(xy) = d([a, xy]) = d(x[a, y]) + d([a, x]y) = a(x)d([a, y]) + d(x)[a, y] + a([a, x])d(y) + d([a, x])y = a(x)(d6)(y) + (d6)(x)y + d(x)[a, y] + [a(a), a{x)]d(y) = a(x)(d6)(y) + (d6)(x)y (by Proposition 2.3).
This shows that dd is an a-derivation. The proof for 8d is similar. 
Posner's result on composition of a-derivations
In this section, we generalize Posner's theorem on composition of derivations [10, Theorem 1] to the general case of a-derivations. PROPOSITION P r o o f. By assumption, d\d2 is an a/3-derivation; therefore, for any x, y € R, we have (4) dxd2(xy) = {aff){x)d1d2{y) + d1d2{x)y.
Since di is an a-derivation and d2 is a /3-derivation, therefore by (4), we have
Prom (4) and (5), we get
Replacing x by xd\{z) in (6), we get
Replacement of x by di(z) in (6) yields a(d2(dx(z)))dx(y)+dx(/3(dx(z)))d2(y) = 0 and from (7), we get
Replacing x by z in (6), and using the fact that /3dx = dx/3, we get
Again, replacing y by a(z) in (6), we get a(d2(x))dx(a(z))+dx ((3(x) )d2(a(z)) = 0. Since a commutes with dx,d2, we obtain
Adding (9) and (10), we get 2a(d2(x))a(di(z)) = 0. Since characteristic of R is not 2, we have a(d2(x))a(dx(z)) = a(d2(x)dx(z)) = 0, so that d2(x)dx(z) = 0 for all x, z £ R. Proposition 2.1 and the assumption that d\ jz 0 imply d 2 (x) = 0 for all x G R. That is, <¿2 = 0-This completes the proof.
As an application, we resolve the functional equation a + P~1a~1P = P + P~1 which gives an alternative proof of [4 = 0. Since a/3 2 = P 2 a, therefore, it is easy to see that Pa,a~xP commute with d\ and Pa commutes with ¿2 and hence by Proposition 3.1, we get d\ = 0 or = 0. That is, a = P or a = P~x.
